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Abstract

Santha and Vazirani [SV86] proposed the notion of a semi-random source of bits (also known
as Santha-Vazirani sources), and proved that it is impossible to (deterministically) extract an
almost-uniform random bit from such a source (while it is possible given several independent
Santha-Vazirani sources). We provide a simpler and more transparent proof of their impossibility
result. Our proof has the advantage of applying to a natural strengthening of Santha-Vazirani
sources. Moreover, our proof technique has been used in [DOPS04] to obtain impossibility
results on doing cryptography with semi-random sources.

A source of length n is a random variable X taking values in {0, 1}n. We will denote the
individual bits of X by X = X1 · · ·Xn. If Y is a random variable taking values in {0, 1}, the bias
of Y is |Pr[Y = 0]− Pr[Y = 1]|, i.e. the smallest δ such that (1− δ)/2 ≤ Pr[Y = 0] ≤ (1 + δ)/2.

Definition 1 For δ ∈ [0, 1], a source X of length n is a Santha-Vazirani (SV) source (or semi-
random source) with bias δ if for every i ∈ [n] and every x1, . . . , xi ∈ {0, 1}, the bias of Xi

conditioned on X1 = x1, . . . , Xi−1 = xi−1 is at most δ. That is,

1− δ

2
≤ Pr[Xi = xi|X1 = x1, . . . , Xi−1 = xi−1] ≤

1 + δ

2
.
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Informally, in an SV source each bit is guaranteed to be slightly unpredictable given the previous
bits.

We will give a simpler proof of the following theorem. The original paper [SV86] mentions
that other simple proofs were previously found by Johan H̊astad and Vijay Vazirani, but these
were never published. The proof presented in [SV86] is attributed to Mihaly Gereb; the earlier
conference version contained an even more involved proof.

Theorem 1 ([SV86]) For every function Ext : {0, 1}n → {0, 1} and every δ ∈ [0, 1], there is an
SV source X of bias δ such that Ext(X) has bias at least δ.

That is, there is no single function Ext that can extract a random bit of bias smaller than δ
from every SV source of bias δ. Thus, the trivial extractor that outputs the first bit of its input is
optimal.1

Our proof will actually apply to two stronger (i.e. more constrained) models of sources.

Definition 2 For δ ∈ [0, 1], source X of length n is a strong SV source with bias δ if for every i ∈
[n] and every x1, . . . , xi−1, xi+1, . . . , xn ∈ {0, 1}, the bias of Xi conditioned on X1 = x1, . . . , Xi−1 =
xi−1, Xi+1 = xi+1, . . . , Xn = xn is at most δ.

That is, here we require that each bit is slightly unpredictable given all the others (not just the
previous ones).

Definition 3 For δ ∈ [0, 1], a source X of length n is δ-imbalanced if for every x, y ∈ {0, 1}n,
Pr[X = x]/Pr[Y = y] ≤ (1 + δ)/(1− δ).

Theorem 1 follows from the following easy lemmas.

Lemma 1 For every function Ext : {0, 1}n → {0, 1} and every δ ∈ [0, 1], there is a δ-imbalanced
source X such that Ext(X) has bias at least δ.

Proof: There exists a set S ⊂ {0, 1}n of size exactly 2n/2 such that Ext is constant on S, say taking
value σ ∈ {0, 1}. Consider the source X that with probability (1+δ)/2 outputs a uniformly selected
element of S and with probability (1− δ)/2 outputs a uniformly selected element of {0, 1}n \S. By
construction, Ext(X) = σ with probability at least (1 + δ)/2, so it has bias at least δ. Moreover,
X assigns every string in {0, 1}n probability mass either ((1 + δ)/2) · (1/|S|) = (1 + δ)/2n or
((1− δ)/2)) · (1/|{0, 1}n \ S|) = (1− δ)/2n. Thus X is δ-imbalanced.

Lemma 2 Every δ-imbalanced source is a strong SV source with bias δ.

Proof: Let X be a δ-imbalanced source. For every i ∈ [n], and every x1, . . . , xi−1, xi+1, . . . , xn,
the δ-imbalanced property implies that

1− δ

1 + δ
≤ Pr[X = x1 . . . xi−10xi+1 · · ·xn]

Pr[X = x1 . . . xi−11xi+1 · · ·xn]
≤ 1 + δ

1− δ
.

This is equivalent to saying that Xi has bias at most δ conditioned on X1 = x1, . . . , Xi−1 =
xi−1, Xi+1 = xi+1, . . . , Xn = xn.

1However, if we relax the problem to allow the extractor access to several independent SV sources (as in [SV86,
CG88]) or a small number of truly random bits (as in [NZ96]), then much better extraction is possible and these
insights have led to a long and fruitful line of work.
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Lemma 3 Every strong SV source with bias δ is an SV source with bias δ.

Proof: The bias of Xi conditioned on X1 = x1, . . . , Xi−1 = xi−1 is at most the maximum,
taken over all xi+1, . . . , xn, of the bias of Xi conditioned on X1 = x1, . . . , Xi−1 = xi−1, Xi+1 =
xi+1, . . . , Xn = xn (because the former distribution is a convex combination of the latter set of
distributions).

Thus, we conclude that it is impossible to extract a bit of bias less than δ from δ-imbalanced
sources, strong SV sources of bias δ, and SV sources of bias δ.
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